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Abstract—Nonnegative Least Squares (NNLS) is a fundamental
constrained optimization problem encountered in many applica-
tions such as image deblurring, signal processing, nonnegative
matrix factorization, magnetic microscopy, and hyperspectral
imaging. Active-set based methods are a common class of
algorithms for solving NNLS which identify the optimal variable
set of the NNLS solution. They do so by iteratively solving
a series of unconstrained least squares problems, identifying
which variables violate the nonnegativity constraints, and then
swapping variables in/out of consideration until the optimal set of
variables is found. Several variations improving upon this method
exist in the literature. In this work, we propose an active-set
swap heuristic which further improves upon existing active-set
based methods for NNLS. Our optimizations are based upon
adding multiple variables to the passive set within a threshold
of the smallest gradient value and removing variables within a
similar threshold of the closest boundary constraint. We leverage
these optimizations to yield a Fast Active-Set Thresholding
NNLS (FAST-NNLS) algorithm which significantly outperforms
the existing state-of-the-art NNLS algorithms for a wide range
of problems. Rigorous convergence guarantees are proven for
the proposed method. We demonstrate the effectiveness of our
proposed method on multiple synthetic datasets and two real-
world text analysis applications. In doing so, we present the most
comprehensive NNLS solver comparison in the literature to date.

Index Terms—Nonnegative Least Squares, Active-Set Methods

I. INTRODUCTION

Nonnegative Least Squares (NNLS) is a fundamental prob-
lem in data modeling that arises when solving linear systems
Ax = b with the additional constraint that all elements of x
must be nonnegative. This constraint is crucial in many real-
world applications where the unknown parameters x represent
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quantities that are inherently nonnegative, such as physical
measurements, probabilities, or material properties. The NNLS
formulation ensures feasible and interpretable solutions while
preserving the model’s linear structure, making it applicable
across various domains.

In signal processing and imaging, it addresses tasks such
as image deblurring [1], hyperspectral image analysis [2],
[3], and magnetic microscopy [4], [5], ensuring interpretable,
physically meaningful solutions. In acoustics, it supports
source mapping and beamforming to localize and reconstruct
sound fields [6], [7]. For sparse recovery and optimization,
NNLS proves effective in sparse signal recovery [8], radiation
dosage planning for cancer treatment [9], and other sparse
optimization problems [10]-[12]. In control and engineering, it
aids in model predictive control for system optimization under
nonnegativity constraints [13], as well as battery balancing in
electric vehicles [14]. NNLS is integral to numerical analysis
and a range of theoretical applications where nonnegative
solutions are required [15] such as Nonnegative Matrix and
Tensor Factorization (NMF/NTF) [16]-[22].

The NNLS problem can be formulated as:

. RN
min || Ax — bll3, ()

where A € R™*" b € R**! x € R"*! and m > n.

Active-set methods are common for solving NNLS prob-
lems due to their guaranteed convergence to the optimal
solution in a finite number of iterations, practical real-world
performance, and ease of implementation. These methods
iteratively classify variables as either active (violating non-
negativity constraints) or passive (satisfying constraints) to
identify the non-zero variables of the optimal solution. One
of the primary differentiator between active-set methods is
the rule by which they determine what variables to switch
between the active and passive sets. These rules vary from
conservative single-swap rules [23] to variants that evaluate
objective function values for determining the optimal number
of variables to swap [24] to greedy variants that attempt to
swap all infeasible variables [25]. The choice of swap rule
impacts factors such as passive set size, number of function
evaluations, and iteration count all of which heavily influence
performance.
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We propose Fast Active-Set Thresholding NNLS (FAST-
NNLS), an adaptive threshold-based swapping rule which
maintains small passive set sizes, avoids expensive function
evaluations, and empirically converges in few iterations. We
prove that our proposed FAST-NNLS method is guaranteed
to converge in a finite number of iterations to the optimal
solution. We show that FAST-NNLS excels at NNLS problems
with small optimal passive set to column count ratios. Em-
pirical tests on synthetic and real-world datasets demonstrate
FAST-NNLS consistently outperforms existing state-of-the-art
methods in this problem class in terms of both runtime and
solution quality. Our NNLS experiments constitute the most
comprehensive comparison of NNLS methods in the literature
to date.

II. PRELIMINARIES AND RELATED WORK

We now cover a brief survey of the NNLS literature and
introduce the notation used throughout this paper.

A. NNLS Algorithms

Due to the ubiquitousness of the NNLS problem many
approaches in the literature have been developed for solving
it. In this work we extend the class of active-set based
methods derived from [23] for solving NNLS and compare
our proposed algorithms against a wide variety of NNLS
optimization methods.

NNLS is a subset of the box-constrained optimization prob-
lem. Thus many box-constrained optimization methods can be
adapted to solve NNLS, as is done in [26]. [26] develops a
Projected Quasi-Newton Limited-memory Broyden-Fletcher-
Goldfarb-Shanno (PQN-LBFGS) method for solving box-
constrained optimization problems which they apply to NNLS
as well as Nonnegative Kullback-Leibler (NNKL) problems.
In doing so, they compare against the popular TRON [27] and
LBFGS-B [28] bound constrained optimization methods on
both NNLS and NNKL problems. In this work, we compare
our proposed methods to both the PQN-LBFGS and LBFGS-B
[29], [30] implementations.

Additional quasi-Newton and projected gradient NNLS
methods can be found in [31]-[35]. An ADMM method for
the NNLS problem is proposed in [36].

Interior point methods are another class of optimization
methods which have been applied to the NNLS problem. An
interior point method capable of converging even in the case
of solution degeneracy is proposed in [37]. An approach for
converting the NNLS problem to the linear complementarily
problem and then solving it via a feasible interior point
algorithm is presented in [38]. An interior point gradient
method for totally nonnegative least squares is presented in
[39]. Another interior point method for large-scale totally non-
negative least squares which establishes global convergence is
presented in [40]. The aforementioned interior-point NNLS
methods do not provide implementations and we thus do not
directly compare our proposed methods to them. We compare
against the MatLab [41] built-in functions solve and Isglin for

bound constrained optimization using the default interior-point
solvers backends.

Various other optimization methods have been proposed
for the NNLS problem. An index-search method for NNLS
is proposed in [42]. A random projection based approach is
proposed in [43]. [44] presents the Subspace Barzilai-Borwein
(SBB) NNLS method based upon the unconstrained Barzilai-
Borwein optimization. They demonstrate competitive perfor-
mance on large-scale, sparse problems. In our experiments,
we compare against the implementation used in [44] and
confirmed the speed of the SBB method on several large,
sparse problems.

Active-set-based methods [16], [23]-[25], [45]-[50] are one
the most predominant classes of optimization methods used for
solving NNLS. They are founded on the observation that, if the
nonzero elements of the final solution are known beforehand,
the problem can be reduced to an unconstrained least squares
problem over the nonzero elements, while the remaining
elements are fixed at zero. Working sets are employed to
track the active and passive sets throughout the optimization
process, until the optimal solution is reached. We refer the
reader to [51] for an in-depth comparison of traditional active-
set, predictor-corrector, and interior-point methods applied to
NNLS. We also compare the implementations presented in
[51] against our proposed methods.

While there are a wide variety of approaches to solving
NNLS, including various aforementioned constrained opti-
mization techniques and hybrid methods, this paper will pri-
marily focus on extending active-set based methods for solving
the NNLS problem.

B. Notation

We begin by outlining the key notations and terminology
used throughout this work. Matrices are denoted by bold cap-
ital letters, such as A € R¥*7_ while vectors are represented
by bold lowercase letters, such as a € RZ. Scalars are written
as regular lowercase letters (e.g., a). All matrices and vectors
are assumed to consist of real numbers. We use the following
notation for the Euclidean inner product (x,y) = x’y and
norm ||x| = vxTx. A > 0 denotes a nonnegative matrix,
where for every element a;; of A = (a;;), we have a;; > 0
for all 7 and 7 . In the context of active-set methods, we use
P and A to represent passive and active sets. Matrix A7
is a sub-matrix of A that contains only the columns of A
corresponding to the indices in the passive set P. We define
xp similarly for the vector case. We use MatLab notation
to index into matrices as well as elementary MatLab built-in
functions such as min and max.

III. ACTIVE-SET BASED METHODS

In this section we provide a detailed discussion of active-
set based methods for NNLS. We describe the criteria for
building the optimal passive set employed by the Lawson-
Hanson single-swap [23] and Block Principal Pivoting (BPP)
[25] methods before introducing the passive set criteria of our
proposed FAST-NNLS method in the subsequent section.



A. Active-Set (Act): Lawson and Hanson [23]

The foundational active-set method for NNLS was intro-
duced by [23]. This method starts with an empty passive set
and an active set containing all variables. At each iteration
the value with the smallest gradient value is moved from the
active to passive set. An unconstrained least squares is then
computed for all variables and columns of A corresponding to
the passive set. In the instance that this unconstrained solution
is infeasible, the variable with the closest proximity to the
nearest boundary condition is removed and the unconstrained
least squares is evaluated again. This process is repeated until
the solution is feasible and the KKT conditions are met, at
which point the optimal solution is found. Details of the
method can be found in the original paper [23]. Note that
in this algorithm, a single variable is exchanged between the
passive and active-set per unconstrained solve.

B. Block Principal Pivoting (BPP): Jidice and Pires [25]

Block Principal Pivoting (BPP) NNLS methods aim to
improve upon the single exchange rule of the [23] method by
exchanging multiple variables per unconstrained solve [16],
[25], [51]. Here we introduce several of the details of the
BPP method’s active-set swap heuristic which will be useful
in laying the foundation for our proposed approach.

Th BPP NNLS method starts by initializing the passive and
active sets, denoted respectively as P and .A. It then computes
xp by solving an unconstrained least squares problem and y 4
using Eq. 2, where the P and .4 subscripts indicate indices
belonging to the corresponding passive/active sets. The pair
(xp,y 4) is a complementary basic solution, deemed feasible
if xp > 0 and y 4 > 0 in which case the optimal solution has
been found , and infeasible otherwise.

xp = argmin,, [|Apxp — b|[3 2)
yA = AE(A'PXP - b) (3)

The index set of infeasible variables V is defined as:
V={ieP:ax;<0}U{ieAd:y, <0} 4)
Working sets P and A are updated by swapping indices:

P=(P-V)U(VNA (5)
A=A-V)U(VNP) (6)

where V is a subset of 1 which represents the set of variables
that are swapped per iteration. BPP typically uses a full
exchange rule (V = V), swapping all variables in one iteration
to accelerate the process of finding the optimal passive set. If
this fails consecutively, it falls back to a single exchange rule
of exchanging the largest index of V [25] until a new minimum
number of infeasible variables is reached:

‘<>

={i:i=maxV} (7

C. Additional Active-set NNLS Methods

TNT-NN [24] is an active-set NNLS solver used in rock
magnetism analysis. It evaluates potential active/passive set
swaps based on their ability to minimize the 2-norm of the
residual. This evaluation process is more computationally
expensive than single-swap and BPP heuristics.

Lawson-Hanson with Deviation Maximization [50] is a
block active-set method for NNLS that extends the Lawson-
Hanson method designed to leverage arithmetically intense
linear algebra operations. Finite convergence of the method
is proved. A high performance C implementation with Mat-
Lab wrappers is provided which we compare against in our
experiments.

Luo et al. [49] present a QR-based active-set NNLS method
using the single exchange rule from the Lawson-Hanson
active-set method. To remove an element from the passive
set, they propose using modified Gram-Schmidt or Givens
rotations to update the QR factorization.

IV. FAST ACTIVE SET THRESHOLDING METHOD

We propose a heuristic for swapping variables between
active and passive sets to reduce the computational cost of
Equation 33 whilst preserving guarantees of convergence to
the optimal solution. Our proposed FAST-NNLS approach
aims to decrease outer iterations (K) without excessively
enlarging passive sets (P;), based on swapping variables with
gradient values within a certain percentage of the small-
est gradient value. This heuristic combines elements from
[16], [24], [25], [45]. While BPP [25] reduces iterations and
Lawson-Hanson [23], [45] limits passive set size, TNT-NN
[24] achieves both but at a higher swap heuristic computational
cost. The experimental results show that FAST-NNLS attains
all three of small passive set size, low iteration count, and
inexpensive variable swap selection.

A. FAST-NNLS Setup

We define the objective function of Equation (1):

70 =3 | Ax b

= ATAX) — (AThx) + b ®)
We generate a sequence of iterates x* > 0 in iteration k € Ny,
starting at x° > 0. Let x € R™ and denote by A = {i | x; =
0} the active set associated to x and by {1,2,...n}\ A =
A° =P the passive set.

In each iteration, we are going to perform one unconstrained
least squares problem solve, and we are then either going to
add new variables to the passive set P, or remove from it (and
vice-versa for the active set A, its complement).

B. Adding Points to Passive Set

If x° = 0 we start here, otherwise in the removal stage.
Let x*~! be the old iterate. Adding variables to P has a



precondition, which is that for x*~! and the associated passive
set P*=1 = {i | x¥=1 > 0} the solution to the problem:

1
k-1 . 2
z"7 " = argmin,cpn 4 419 §||Az —b|| )
is equal to x*~1. Here A*~! is the active set of x*~1 and

equal to (P*¥)¢. We also define the gradient:

gh-! = vfxF1) = AT(AxF1 —b) (10)
Due to x*~! = zF~! minimizing the least squares loss over
the passive set PF=1. we have:

gh=1 =0 forall i c P*1 (1)

We note that in this situation, the set of infeasible variables
contains only indices where the dual variable is infeasible:

VRl ={ilgl ' <0} (12)

We now select some candidate set V € V¥~ to be added to
the passive set and define the resulting passive set as:
P =Py, (13)

The Lawson-Hanson single-swap method uses the following
exchange rule:

V={i|i=argming‘~1} (14)
We propose a new criteria for selecting V as follows:
V={ilg " <g (1)} (15)

Where g?il = min gffl and + is the passive set addition

thresholding parameter. This can be interpreted as selecting
all variables within a certain threshold to the smallest gradient
value to add to the passive set.

After adding variables to the passive set, eq. (13), we
check whether a new number of infeasible variables has been
attained. We define the number of infeasible variables at

iteration k as:
v = V¥, (16)

where V' is as defined in eq. (4). We define the current
minimum number of infeasible variables attained as:

O = min{ V| |i=0,1,...k} (17)
If vy < OUg_1, We increase -y by
Y =y+97, (18)

where v+ the constant used to increase . Otherwise, vy >
Uk—1, and we decrease v by

'Y/ :max(w—'y_,O), (19)

where 7~ the constant used to decrease . Note that if ©* does
not decrease after a certain number of iterations, then v = 0
and the addition phase becomes identical to eq. (14).

Once the variable set }V has been selected, they are added
to the passive set as in eq. (13) and new iteration begins
with an unconstrained least squares solve corresponding to
the variables in P’ described next.

C. Removing Points from Passive Set

In the case that the solution from the unconstrained least
squares contains negative entries, we proceed to remove vari-
ables from the passive set. We solve the subproblem

. 1
7/ = argmingcgn , 4o §||Az — b (20)
where A’ = (P’)°. If 2z’ > 0, then we set:
xt =2, AF={z =0}

and move back to adding variables as described in sec-
tion IV-B. Otherwise, we perform a backtracking line-search:

x, = P(x" ' +7(z — x"1)) (1)
We select a 7’ € (0, 1] in the breakpoint set:
k—1
Tz{rizmin{#,1}|ie73’}. 22)

The Lawson-Hanson single-swap method [23] selects 7/ =
min7. If only at most a single variable was added in the
previous step (according to eq. (14)) it is guaranteed that:

flxr) < fF(x*) (23)
and

P = {x >0} C P, (24)

and x* = x.» and P¥ = P, is accepted. It then proceeds
recompute eq. (20) and repeats the removal from P one
variable at a time, if necessary.

We propose a new criteria for removing multiple variables
from the passive set per evaluation of eq. (20). We do so
by selecting multiple variables associated to 7;’s within a
certain threshold. This is based upon the observation that
the backtracking line-searches are computationally inexpensive
relative to computing eq. (20). The 7 values are selected as
follows:

T={iln<t1+p}, (25)

where p is the passive set removal thresholding parameter.
For each 7 € 7T in ascending order, we update x, as in
eq. (21). The variables corresponding to the entries of T are
then removed from P:

PE=P\T.

After removing variables from the passive set in this manner
and conversely adding them to the active set (A* = AU
T), eq. (20) is recomputed. We then check whether a new
minimum number of infeasible variables, previously defined as
©%, has been attained. Then, similar to before, if v < Op_1,
we increase p by

(26)

p=p+p", (27)

where pT the constant used to increase p. Otherwise, vy >
Ur—1, and we decrease p by

pl = max(p - p_7 O)a (28)



where p~ the constant used to decrease p. Again note that if a
new U does not decrease after a certain number of iterations,
then p = 0 and the removal phase becomes identical to [23].

The pseudocode for the resulting FAST-NNLS method
based upon these addition and removal rules can be seen in
Algorithm 1.

Algorithm 1: FAST-NNLS

Input: A € R™*™ b € R™, p,pT,p~, 7,7t v~

Output: x > 0 such that x = argmin ||Ax — b||?

Initialize P =0, A= {1,...,n}, z=0;

// Compute normal equations. We precompute
these for all benchmarked methods.

-

2 ATA = ATA; atb = ATb;

3 while 0 < U do

4 if min(z) < O then

5 Remove variables from P per eqs. (25) and (26);
6 L Update x, per eq. (21);

7 else

8 Add variables to P per eq. (15);
9 X =12z

10 Compute z per eq. (20);

11 Compute v by eq. (16);

12 if v < Ug_1 then

13 L QAjk = Vg,

14 Update v (egs. (18) and (19)) and p (eqs. (27) and (28));

V. PROOF OF GUARANTEED FINITE CONVERGENCE TO
OPTIMAL SOLUTION

We now prove the convergence properties of our proposed
FAST-NNLS method. To aid in the convergence proof, we
start by proving that the Lawson-Hanson single-swap [23]
strategy converges to the optimal solution in a finite number
of iterations from any starting point.

Lemma 1 (Single-Swap Convergence). The sequence x* > 0
generated by addition rule eq. (14) and removal rule 7' =
min 7 from eq. (22) fulfills f(x*) < f(x*~') and terminates
after a finite number of iterates with the optimal solution.

Proof. First we consider when a variable is swapped into P.
Since z’ minimizes f over all z € R™ s.t. z|4 = 0 and
x*~1 4 = 0, we have:

f(z') < f(xF1).

To quantify the descent, we define an arbitrary stepsize 7 €
[0, 1] and define the line connecting x*~1 to z’ as z, = x*~1+
7d" with d’ = z’ — x¥~1 and calculate:

(29)

flar) = 5| A% ~b?
_ % |Ax "1 —b|” + (Ax* ! — b, A(z, — x*71))
+ oA P
= FO e+ DA )

Thus, the scalar function h(7) = f(z.) is a parabola. Since

z' is the minimizer of f for all z|4» = 0 and z.|4 = 0,

we deduce that 7 = 1 is the minimum of the parabola h. By
setting its derivative to zero, we obtain:

fla) = FOE) = Sk ) = S JAdP <0 G

In the case that z’ > 0 we set 7 = 1 and we have found a
better feasible solution with a lower objective function value
than the previous x*~!. Following [23], we now show that this
also holds for the case when entries of z’ are infeasible and
when infeasible variables are removed from P. This involves
backtracking along 7 to where the first boundary constraint is
encountered. This backtracking step can be viewed as taking
a step along the parabola h until z, starts to differ from x, =
P(z,), which is exactly the minimum breakpoint 7/ = min .
First, we argue that 7/ > 0. For this it suffices to show that
the single newly added point 2 from the previous iterate has
a positive entry. If no new point was added in the previous
iterate, we have x*~! > 0 on A/, which directly implies that
7/ > 0. In the other case this follows from 0 > (gF~! d") =
g?‘ld; using eq. (11) and eq. (14). Since gif_l < 0 with
eq. (12), d; must be positive.

Thus we can set x* = x,» = z,» > 0 with

Fx*) = f(zr) = h(r') < h(0) = f(x"7H).

Thus, in each case the backtracking step to the closest
boundary condition yields a new feasible solution that further
decreases the objective function eq. (1).

If we insert at most one point in every iteration, in an
amortized sense (averaged over all k), an iteration where no
passive points are added can not happen more often than the
number of iterations where a point was added (plus the number
of entries in the initial passive set). For every iteration k& where
we have 7/ = 1 and x* = 2z, we have an active set A" with:

f(xE) = argmin,_ , 4% f(X) < f(xg'/) (32)

where k£’ is the prior iteration that 7/ = 1. This sequence
of active sets is uniquely associated to this minimum value,
and since it decreases monotonically a prior set can never be
revisited, and thus the iteration must terminate, which only
happens once the optimality conditions are fulfilled. O

Note that the above proof holds true for any starting passive
set. We will now leverage this fact to prove the guaranteed
convergence of our proposed FAST-NNLS method.

Theorem 1 (FAST-NNLS Convergence). The sequence xF >
0 terminates with the optimal solution after a finite number of
FAST-NNLS iterations as defined in Section 1V and shown in
Algorithm 1.

Proof. We prove this by contradiction. Assume that the se-
quence x* > 0 does not terminate after a finite number of
iterations. At each iteration, we add or remove variables as
discussed in section IV. Only if a new value for Uy, (eq. (17))
is attained in iteration k, i.e. U < Up_1, we allow for the
variable + to be increased. Else, if a new value for Uy is

not attained, v will be decreased eq. (19) (and similarly for



p eq. (28)). This is repeated until a new ¥y is attained or
v =0 and p = 0. In the latter case, the FAST-NNLS method
becomes identical to the Lawson-Hanson [23] single-swap
method (Lemma 1). Once this occurs, v and p cannot be
incremented unless Uy, is decreased.

As Uy, can only decrease n + 1 times, there is only a finite
number of times 7y or p can be increased. Assuming that the
algorithm does not terminate, there exists a k > 0 such that
vy = g, for all k > k. However, since for k > k it performs an
infinite number of removal and addition steps while decreasing
v and p, respectively, v = 0 and p = 0 must hold for large
enough k. This directly contradicts Lemma 1, and we thus
conclude that Algorithm 1 does terminate after a finite number
of iterations. O

VI. CosT MODEL

For most active-set based NNLS methods, evaluating the un-
constrained least squares solutions is the most computationally
expensive step. Our analysis and proposed heuristics aim to
reduce this cost. Assuming each unconstrained least squares is
solved via Cholesky decomposition, we propose the following
approximate cost model:

K
SRR (33)
k=1
Here, K is the total number of outer iterations (unconstrained
least squares computed via Cholesky), and |P¥| is the passive
set size at iteration k.

The computational cost can be reduced by reducing K
or keeping P* small. Several existing active-set methods
implicitly achieve this. For instance, FNNLS [45]starts with
an empty passive set and builds the passive set via the single-
exchange rule, generally resulting in large K but small P*
values which are always less than or equal to the optimal
passive set size.

The greedy full swap heuristic of the BPP method aims to
reduce K by swapping all infeasible variables in each outer
iteration which typically results in small K values. However, it
often results in large passive sets, P*, especially in the first few
iterations. We empirically observed that when starting with an
empty passive set, the second outer iteration generally moves
many variables into the passive set, potentially leading to
unnecessarily large Cholesky factorizations. This can become
computationally expensive for large n (A € R™*™).

W =

A. Single-Swap Active-Set Method Lower Asymptoptic Bound

Here we will derive a lower asymptoptic bound for active-
set methods which add or remove a single variable at each iter-
ation such as the Lawson-Hanson (Act) [23] and FNNLS [45]
NNLS methods. Under the assumption that the starting passive
set, P, is initially empty and that a new optimal passive set
variable is identified at each iteration, i.e. P**1 = PF + 1, we
can apply Faulhaber’s formula [52], [53] to Equation (33) to
derive the following asymptotic lower bound:

1 (4
Q(Act) = E Z <T> BTK4—T' (34)

r=0

Where K is as defined in Equation (33), (i) is 4 choose r,
and B, is the 7’th Bernoulli number (with B; = 3). Note that
in this case as we assume a single optimal variable is added in
each iteration to the passive set until the entire optimal passive
set has been identified, K is both the number of iterations and
the size of the optimal passive set.

In the experiments section, we empirically observed that the
Lawson-Hanson single-swap active-set (Act) NNLS method
closely followed this lower bound for well-conditioned prob-
lems.

VII. EXPERIMENTS

All experiments were run on an Ubuntu 24.04 server
with an 19-14900F processor and 192GB DDR5 RAM us-
ing MatLab R2024b with a single thread. Unless otherwise
stated the FAST-NNLS hyperparameters were: vy=1, v7=.05,
v~=.1, p=0, p*t=.05, p~=.1. These hyperparameter values
were selected based upon tuning experiments, an example
of which can be seen in Figure 1. All methods, except the
Isqnonneg MatLab built-in function, were constrained to a
max runtime of 2 minutes with the recommended default
hyperparameters for each method. Unless otherwise stated,
all times are the average over 5 runs. Additionally, all open
source MatLab approximation methods had the convergence
criteria of | f(x*) — f(x*~1)| < le-6. Unless otherwise stated,
all experiments are for a single right hand side (RHS), i.e
b € R™*! to simplify analysis. In this work we are primarily
interested in analyzing and optimizing the determination of the
optimal passive set. We intend to provide rigorous experiments
and analysis for the multiple RHS case in future work.

We do not directly include the time to form the normal
equations in the timing comparisons in Figures 4 to 7. We do
this as in practice the time to compute the normal equations is
amortized over multiple RHS. When amortized over multiple
RHS, the time to compute the normal equations is often
relatively inconsequential, particularly for the problem config-
urations that we consider in this work. We intend to provide
additional analysis into the cost of the normal equations
relative to NNLS in future work. The normal equations were
precomputed and used as input for all methods to account
for their not being included in the timings. We empirically
observed that this significantly improved the runtime of all
methods except Isqlin without compromising solution quality.

Unless otherwise stated, when determining the passive set
assignments in the Act, BPP, and FAST-NNLS active-set
methods, values whose magnitude is less than le-12 are set
to 0. In other words, when determining whether a value
is nonnegative for the purposes of determining whether the
variable is violating the nonnegativity constraints, any variable
whose absolute value is less than le-12 is set to 0. This value
cutoff has implications for both the numerical accuracy and
stability of active-set NNLS solvers. We empirically observed



DW1 dense (212 x 2TT) well-conditioned
DIl dense (212 x 21T ill-conditioned
DW2 dense (217 x 25) well-conditioned
DI2 dense (217 x 29) ill-conditioned

SS1 sparse (212 x 21T) structured

SU1 sparse (212 x 21T) unstructured

SS2 sparse (217 x 2°) structured

SU2 sparse (217 x 2%) unstructured

Aminer | Aminer (31890 x 4216), 1384270 NNZ
Patents | PatentsView (37268 x 3198), 1131186 NNZ

TABLE I: Dataset Abbreviations
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Fig. 1: Hyperparameter tuning experiments for v~ and ~+
on well-conditioned dense problem, A € R2048x1024 B <
R2048x64 Note that the runtime performance was more im-
pacted by vT than ~. Similar experiments were performed
for all hyperparameters when determining default values.

that higher cutoff values resulted in less accurate solutions but
increased stability. Conversely, lower cutoff values resulted in
more accurate solutions which were more prone to failure due
to entering cycles where values close to the boundary con-
ditions oscillated across the boundary condition for numerical
reasons. We intend to further explore this phenomena in future
work. In this work, we generally leave the cutoff value to
the previously established [16] default value of le-12 unless
otherwise stated.

A. Datasets

1) Synthetic: Dense well-conditioned synthetic datasets
were randomly generated, denoted respectively as DW1 and
DW2 in Table I. Similarly, dense ill-conditioned synthetic
datasets were generated by randomly generating A, computing
the SVD of A, multiplying the upper tertile of singular values
by 64, and dividing the lower tertile of singular values by
64. They are denoted respectively as DIl and DI2 in Table
I. Thus we present results on a total of four dense synthetic
datasets. b was randomly generated for each of these datasets

in Figure 5. In Figures 3 and 4 we introduce sparsity into
the solution by setting Ax; = b, where a set number of
entries of x; are zero and the rest positive. In Figures 3 and 4,
“Solution Sparsity” refers to the fraction of positive elements
in the optimal solution, x;, used to form the problem. For
example, a “Solution Sparsity” of .2 means that 20% of the
entries in the optimal solution are positive whilst the rest are
Zero.

Sparse synthetic datasets were generated by randomly gen-
erating A and b and then setting a set percent of entries of
A to zero. They are denoted respectively as SU1 and SU2
in Table I. In Figure 6, 99.9% of the entries of A where
set to zero. In Figures 3a and 4a, 90% of the entries of A
were set to zero. Two additional sparse synthetic datasets were
generated by forming b as a nonnegative linear combination
of a set percent of the columns of A as was done for the dense
synthetic matrices in Figures 3 and 4. These sparse structured
matrices are denoted as SS1 and SS2 in Table I. In Figure 6,
we expect the optimal passive set to consist of 10% of the
variables, which is representative of problems with low-rank
structure that commonly occur in real world applications. The
identity matrix was added to all synthetic sparse problems to
avoid rank deficiency.

2) Aminer: Real-world experiments were run on subsets
of the ArnetMiner (AMiner) [54] academic graph. For each
dataset, a set of keywords such as [‘mechanical engineer’,
‘economy’, ‘astrophysics’] were selected. We then selected
a subset of 4216 documents with the keywords based upon
criteria such as citation relationship count, performed standard
preprocessing, and used the resulting corpus to populate the
(document x word) matrix. We selected a random column of
this matrix to be our b. Denoted as Aminer in Table 1.

3) PatentsView: Real-world experiments were run on sub-
sets of the PatentsView dataset [55] which consists of over
12 million patents. We selected a subset of 3198 based upon
category and citation relationship count, performed standard
preprocessing, and used the resulting corpus to populate the
(document x word) matrix. We selected a random column of
this matrix to be our b. Denoted as Patents in Table I.

B. Compared Methods

Act: Single-swap active-set based method based upon [23],
[47]. MatLab implementation provided in [16] which was used
as a starting point for our FAST-NNLS implementation.

FAST-NNLS: Proposed. Pseudocode in Algorithm 1.

BPP: Block Principal Pivoting algorithm [25] as described
in Section III-B. Implementation provided in [16].

FNNLS: Single-swap active-set method [45] with several
novel optimizations improving upon [23].

TNTNN: Active-set method developed for use in rock
magnetism applications proposed in [24].

LBFGSBC-mex: Popular LBFG-B-C bound constrained
optimization algorithm [28]. Ported to C from FORTRAN [29]
by Becker et al. [30] and bound out to MatLab with mex
wrapper.
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Fig. 2: Sample Patents real-world problem passive set analysis plots. FAST-NNLS finds the solution in significantly fewer
iterations than Act whilst maintaining a significantly smaller maximum intermediate passive set than BPP using a heuristic
which is significantly less computationally expensive than TNTNN’s. See Figure 7 for resulting timing comparison.
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Fig. 3: Estimated FLOPS for Act, BPP, and FAST-NNLS based upon Equation (33). Note that Act closely follows the lower
bound derived in Equation (34) for well-conditioned problems as seen in (a) and (b). For well-conditioned problems, the
computational cost of BPP is dominated by the largest unconstrained solve when the majority of variables are swapped into
the passive set. For the ill-conditioned problem (c), all methods required increased rates of active and passive set swaps with
BPP being the most impacted. The zero cutoff was raised from the default value of le-12 to le-8 to prevent BPP from cycling
in the ill-conditioned case.
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Fig. 4: Runtime comparison between Act, BPP, and FAST-NNLS active-set methods. Note that runtime performance aligns
with the estimated FLOPS for each method in Figure 3. This validates the cost model proposed in Equation (33). As expected,
FAST-NNLS consistently outperforms Act for nearly all problem configurations. FAST-NNLS generally outperforms BPP for
sparse solutions as seen in (a). We observed that the surveyed real-world problems tended to yield sparse solutions which leads
to FAST-NNLS outperforming BPP as seen in Figure 7. FAST-NNLS was also observed to be more robust to ill-conditioning
than BPP as seen in (c). The zero cutoff was raised from the default value of le-12 to le-8 to prevent BPP from cycling in
the ill-conditioned case.
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in Figure 8.
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Fig. 6: Mean execution time comparison of all surveyed algorithms. Note that FAST-NNLS outperforms all baselines on SS1.

For the SS1 and SU1 problems, the LBFGSBC-mex and SBB methods performed competitively.

This is to be expected as the

LBFGCBS method is know to perform well on sparse probelms and the SBB method was specfically designed for the sparse

case. For SS2 and SU2 the active-set based methods perform well relative to the other baselines. This is to be expected as the

size of the optimal passive set in this case is constrained to be small, i.e. to be less than or equal to the number of columns

of SS2 and SU2.
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Fig. 7: Real-world runtime bar charts. Note that FAST-NNLS outperforms all baselines in both cases.
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enforces nonnegativity and obtains high solution quality in all cases. FAST-NNLS is guaranteed to find the optimal solution.

PGD: Projected Gradient Descent method MatLab imple-
mentation provided by [34].

APGD: Accelerated Projected Gradient Descent method
MatLab implementation provided by [34].

APGDR: Accelerated Projected Qradient Descent with
Restart MatLab implementation provided by [34].

Isqnonneg: MatLab built-in NNLS function which imple-
ments the active-set method by [23].

SBB: Subspace Barzilai-Borwein method proposed in [44].

BlockNNLS: Original block principal pivoting algorithm
proposed by Jidice and Pires [25] and surveyed in [51].
MatLab implementation provided by [56].

PCNNLS: Predictor corrector method originally proposed
in [57], surveyed in [51], and provided by [56].

Newton: Newton optimization method for NNLS and sur-
veyed in [51]. MatLab implementation provided by [56].

BBGP: Barzilai-Borwein Gradient Projection [26]. Similar
in several regards to SBB method [44].

PLB: Projected L-BFGS [26].

PQN: Projected Quasi Newton BFGS [26].

LHDM-mex: Lawson-Hanson algorithm with Deviation
Maximization (LHDM) [50]. Implemented in C/C++ and
bound out to MatLab with mex wrapper.

Isqlin: MatLab Isglin function for bound constrained opti-
mization using the default interior-point solver backend.

solve: MatlLab solve function for bound constrained opti-
mization using the default interior-point solver backend.

C. Passive Set Analysis and Runtime Comparison

Our proposed active-set thresholding swap heuristic per-
forms well when the ratio of the optimal passive set size to
number of columns of A is small. This can be seen in the
DWI1, DI1, SS1, Aminer, and PatentsView results respectively
in Figures 3 to 7. Our proposed method outperforms all
surveyed baselines in 5/10 tested problem configurations in
Figures 5 to 7.

The benefit of the baseline active-set method’s single swap
rule is that it performs predictably, taking a number of swap
iterations close to the size of the optimal passive set size.
This performs decently well when the optimal passive set size
is small, but can become prohibitively slow when the optimal
passive set size is large as seen in Figure 4. Another benefit of
the single exchange rule is that it maintains passive sets which
are almost always smaller than the optimal passive set, which
in turn results in less expensive Cholesky computations. This
active-set analysis also holds true for the other algorithms that
employ the single exchange rule such as FNNLS and MatLab’s
Isqnonneg (which implements the Lawson-Hanson active-set
algorithm). We expect these single-swap active-set to closely
follow the lower bound derived in Equation (34) for well-
conditioned problems as seen in Figure 3.

A benefit of the surveyed BPP method’s greedy swap heuris-
tic is that it often requires few outer iterations to converge.
A disadvantage of the aggressive greedy swap heuristic is
that it can lead to passive sets which consist of almost all
variables and which are significantly larger than the optimal
passive set size. This results in evaluating larger than necessary
Cholesky factorizations. Both behaviours can be seen in Figure
2. Additionally, for some ill-conditioned problems BPP enters
a cycle and takes prohibitively long to converge as seen in
experiments on the DIl data in Figures 4 and 5. In these ill-
conditioned cases, BPP often reached the maximum number of
iterations (twice the number of variables) before obtaining the
optimal solution causing it to return an infeasible solution as
seen in Figure 8. BPP performs best when the optimal passive
set size to number of columns of A ratio is high, such as the
DW2, SS2 and SU2 synthetic problems in Figure 5 and 6.
Note that these problem sizes are similar to those encountered
in Nonnegative Matrix Factorization (NMF) where why BPP is
commonly used. [16] pioneered the application of BPP [25] to
NMF. Figures 3 and 4 demonstrate that as the ratio of optimal



passive set size to number of columns of A increases, i.e.
the solution vector becomes denser, that BPP performs better
relative to the other active-set methods.

For TNTNN, we observed that the employed heuristic for
determining the passive set successfully decreased the number
of outer iterations, but was significantly more computationally
expensive than the heuristics of the other surveyed active-
set based methods. This resulted in decreased runtime per-
formance relative to the other methods.

VIII. CONCLUSION

The proposed FAST-NNLS method is grounded in novel
observations regarding the variables added to the optimal
variable set in active-set methods. FAST-NNLS leverages these
novel insights to significantly outperform current state-of-the-
art NNLS methods in terms of both runtime and solution
quality across a wide range of problem instances. We prove
that FAST-NNLS is guaranteed to converge to the optimal
solution in a finite number of iterations. We demonstrate the
effectiveness of FAST-NNLS on multiple synthetic datasets as
well as two real-world text analysis applications.

Future avenues of research include exploring novel tech-
niques based on QR factorization to avoid the numerical insta-
bilities associated with the normal equations, Givens rotation
updating methods applied incrementally as variables enter/exit
the passive set to efficiently compute the unconstrained least
squares at each iteration, exploring the case of FAST-NNLS
with multiple RHS, and parallel FAST-NNLS variants. Finally,
we are developing a novel model that is parameterized by the
matrix size, condition number, and the number of RHS. This
model will automatically select the most suitable algorithm for
solving the given problem. Similar models have been explored
for various linear algebra software packages such as BLAS and
LAPACK. We believe that incorporating such a model into an
NNLS library will significantly enhance its impact across a
broad range of real-world applications.
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